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Sensitivity Analysis of the Aeroacoustic Response
of Turbomachinery Blade Rows

Christopher B. Lorence* and Kenneth C. Hall
Duke University, Durham, North Carolina 27708-0300

A method for computing the change or sensitivity of the aeroacoustic response of a cascade to small changes
in airfoil and cascade geometry is presented. The steady flow is modeled by the full potential equation, which
is discretized using a variational finite element technique, A streamline computational grid is generated as part
of the steady solution. Newton iteration is used to solve for the nonlinear steady flow and grid equations with
lower-upper (LU) matrix decomposition plus one forward and one back substitution used to solve the resulting
matrix equations. Similarly, the unsteady small disturbance flow about the nonlinear mean flow is modeled by the
linearized potential equation together with rapid distortion theory to account for vortical gusts. These linearized
equations are discretized using finite elements and solved with a single LU decomposition. The sensitivities of the
steady and unsteady flowfields to small changes in geometry are computed by perturbing the discretized equations
about the nominal solutions. The resulting linear system of equations can be solved very efficiently because the
LU factors of the resulting matrix equations are computed as part of the nominal steady and unsteady solution.
Results are presented in this paper to show the accuracy and efficiency of the method, and the implications for
aeroacoustic design of turbomachinery blades are discussed.

Nomenclature

C = mean flow speed of sound

c = aerodynamic chord of airfoil

ci, 2 = constants used to form rotational velocity field

G = blade-to-blade gap

J =J/(=1

K = wave numbers of incident vortical gusts in drift
function/stream function coordinate system

k = ratio of specific heats

n = number of Newton iteration

P ' = mean flow pressure

P = source term in grid generator used to control grid

spacing
p = perfurbation pressure
Q = source term in grid generator used to control grid
spacing

R = mean flow density

r = wake displacement

t =time

Vv = magnitude of mean velocity

Wy = gust amplitude

= Cartesian coordinates

= coefficients in elliptic grid generation equations

A = Lighthill’s drift function

H E = grid coordinates

© = stagger angle of cascade

or = total density

o) = interblade phase angle of disturbance

T = distance along wake

o = unsteady potential, steady potential, and
perturbation potential, respectively

= pressureless potential used to remove singularity
from rotational velocity field
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v = mean flow stream function
Q = flow angle
w = temporal frequency of unsteady flow

Vector and Matrix Quantities

A = matrix approximation of partial differential
equation governing unsteady perturbation flow
[see Eq. (26)]

b = inhomogeneous part of discretized unsteady
potential equations [see Eq. (26)]

M = vector of residuals of grid generation equations

N = vector of residuals of discretized mean flow
potential equations

n = unit normal vector to airfoil and wake surface

s = vector describing geometry of cascade

V,v = unsteady and perturbation velocities, respectively

X = vector containing position of computational nodes

® = vector containing mean flow potential at
computational nodes

1) = vector containing perturbation potential at
computational nodes

Subscripts

Rot = rotor frame of reference

T = total flow quantity

0 = reference position in definition of drift function

o0 = far upstream conditions

Superscripts

R = rotational velocity field

/ = sensitivity derivative

Introduction

ECAUSE of increasingly stringent regulatory requirements,

noise continues to be an obstacle to the design and develop-
ment of modern aircraft engines. Engine noise can be classified as
either broadband noise (e.g., a result of jet exhaust mixing) or tonal
noise (e.g., produced by fan, compressor, or turbine stages). As the
bypass ratio of the engine increases, tonal noise becomes the more
important contributor to the total engine noise.! The source of tonal
noise is nonuniformities or gusts in the flowfield interacting with
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rotor and stator blades. These flow nonuniformities arise from inlet
distortion, inlet angle of attack, or viscous wakes from upstream
blade rows. Several methods are commonly used to reduce tonal
noise. The most important noise reduction strategy is the careful
selection of blade counts to cut off acoustic modes.?*® The strength
of the gust may also be reduced by increasing the axial distance
between blade rows. In addition, acoustical liners are often installed
in the duct to attenuate the sound levels. Although these strategies
will continue to be used in future engine designs, new approaches to
reducing noise will be needed as the noise constraints become more
severe.

Over the past three decades, analyses for predicting the aero-
acoustic response of cascades to incident gusts have advanced con-
siderably. Initially, researchers modeled the airfoils in cascades as
flat plates and used singularity methods to predict the aeroacoustic
response as a result of excitation from acoustic and vortical gusts.*~5
Smith® found that his flat-plate analysis did a good job of predicting
the noise generated by a gust for lightly loaded cascades. How-
ever, the method could not predict accurately the noise generated by
cascades with significant steady loading. More recently, Hanson’
has found that steady loading plays an important role in the noise
produced by multistage machines. Recognizing the importance of
steady loading, a number of investigators have used modern com-
putational fluid dynamic (CFD) techniques to calculate the acoustic
response of cascades to acoustic, vortical, and entropic fluctuations.
For example, Atassi and Grzedzinski® and Hall and Verdon® have
used a linearized potential formulation together with rapid distor-
tion theory to model gust response. Hall and Crawley!’ and Hall
and Clark!! discretized and solved the linearized Euler equations to
model cascade/gust interactions.

If the detailed shape of the airfoils in the cascade and the dis-
tribution of unsteady surface pressure significantly alter the noise
generated in the far field, then it should be possible to alter the
noise characteristics of a cascade by modifying the shape of the air-
foils. Recently, investigators have developed aerodynamic sensitiv-
ity analyses based on modern CFD schemes. These procedures com-
pute the effect small changes in design variables have on the overall
flowfield. For example, Taylor et al.'? and Baysal and Eleshaky,"
using an analysis based on the nonlinear Euler equations, have com-
puted the effect of modifying the shape of a nozzle on the flow in the
nozzle. More recently, the present authors have developed a sensi-
tivity analysis, based on the full potential equation, that is capable of
predicting the effect small changes in geometry have on the unsteady
aerodynamic flows associated with cascade flutter."*

In this paper, a computationally efficient method for computing
the sensitivity of the aeroacoustic response of cascades to small
changes in blade geometry is presented. Four quantities are com-
puted: the nominal steady flow through a cascade, the nominal un-
steady flow as a result of interaction with an unsteady incident gust,
the sensitivity of the steady flow to changes in the airfoil and cascade
geometry, and the corresponding sensitivity of the unsteady flow. As
we will show, once the nominal solutions have been computed, the
computational time required to obtain sensitivity solutions is quite
small. Also, we use the present theory to redesign an exit guide vane
(EGYV) for reduced aft radiated sound pressure levels.

Theory
Flowfield Description

The physical system modeled is shown schematically in Fig. 1. A
row of EGVsis subjected to unsteady aerodynamic excitation arising
from interaction with the viscous wakes from the upstream rotor. In
the rotor frame of reference, these wakes are steady. However, in
the EGV frame of reference, the wakes appear to be unsteady. The
unsteadiness can be decomposed into harmonics with frequencies
that are multiples of blade passing frequency (BPF).

In the present analysis, the flow through the EGVs is assumed to
be inviscid and two dimensional. (Although viscous mechanisms are
responsible for the creation of the wakes, the subsequent interaction
with the EGVs is dominated by inviscid effects.) In addition, it is
assumed that the unsteadiness in the flow is small compared with the
mean flow. Therefore, the flowfield may be decomposed into a non-
linear steady flow plus a linear small disturbance flow. Because the
unsteady flowfield is linear, the unsteady response can be analyzed
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Fig.1 Schematic showing wake/EGYV interaction. Inserts in blade pas-
sage show contours of drift (top) and a streamline computational grid
(bottom).

harmonic by harmonic, and the results summed together to obtain
the complete response. Further, because we are primarily interested
in subsonic flows, we assume the steady flowfield is homentropic
and irrotational. Thus, we may represent the flowfield by the de-
composition

&)(X,y,l)z (I)(X,y)‘i‘lf)(x,y)e-i“” o)
VR(x,y, 1) = vR(x, y)e/’ @

where @ is a scalar velocity potential, V& is the rotational velocity
vector, which contains any vorticity in the flow, and w is the temporal
frequency of the unsteady perturbation flow. Here ¢ and v* are all
small perturbation quantities. Note that we have implicitly assumed
that the unsteady flow is homentropic, although entropy variations
can be easily incorporated.?-?

Substitution of the perturbation assumption, Egs. (1) and (2), into
the conservation of mass and momentum equations, and collection
of terms of zeroth and first order in the small perturbation quantities
gives the desired steady flow and small disturbance flow equations,
respectively. The steady flow is completely described by the steady
scalar potential &, which can be calculated from the steady full
potential equation

V2O = (1/CH[3VD - V(VD)?] ?3)
where C is given by
C* = Ci{1 - [(k - 1)/2C3](V)?} 4)

where Cr is the stagnation speed of sound. Note that Eq. (3)—
which must be solved subject to appropriate boundary conditions
on the airfoil, inflow, outflow, and periodic boundaries defining a
single blade passage—is nonlinear in the unknown steady velocity
potential &.

Next, we consider the first-order unsteady small disturbance equa-
tions. The unsteady perturbation velocity v is given by

v="Ve+vk (5

Note that there is no unique choice for v® and ¢, because it is
the combination of the two that results in the actual unsteady flow
velocity. However, in the present investigation, we restrict our choice
of v¥ so that the unsteady pressure depends only on the unsteady
potential ¢ through the linearized Bernoulli equation, i.e.,

D¢
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where p is the unsteady small disturbance pressure, R is the steady
density, and D/D¢ is the small disturbance substantial derivative
operator givenby D/Dt = jw 4 V®-V. Under these circumstances,
the equations governing the small disturbance flow are

LIVIW

=V (- VIV =0 D
D(1D0) Lo hos Lo (rye
DI(CZ Dt) =V (RV$) = 2V - (R¥¥) ®

Note that because of the judicious choice for the form of the ro-
tational velocity, the equations for the unsteady rotational velocity
and velocity potential are only sequentially coupled. Furthermore,
as we show in the next section, the rotational velocity v® can be
computed semianalytically using rapid distortion theory.

Rapid Distortion Theory

Goldstein'® has shown that the rotational velocity v® can be ex-
pressed analytically in terms of two functions: the steady stream
function W (x, y) and the steady drift function A(x, y). The drift
function'® is interpreted physically as the time required for a fluid
particle to convect between two points on a streamline, that is,

x.y)

A(x,y) = Alxo, yo) + / —dr &)

(xq,¥0)

where V is the magnitude of the steady velocity and 7 is the distance
along the streamline. Goldstein showed that, for the case where an
incoming gust varies harmonically in the circumferential direction,
the rotational velocity may be expressed as

YR = (I VA + 6, VW) exp[j (K1 A + Ko W0)] (10)

Goldstein chose the constants ¢, and ¢, so that the rotational velocity
in the upstream far field is divergence free and the vorticity of the
incoming gust has some prescribed magnitude.

For flows over airfoils with a leading-edge stagnation point (most
airfoils), Goldstein’s original formulation'® leads to a singular ro-
tational velocity on the airfoil and wake surfaces because the drift
function goes to infinity on the stagnation streamline as the stagna-
tion point is approached [see Eq. (9)]. Atassi and Grzedzinski® were
able to avoid this difficulty by modifying Goldstein’s formulation.'®
Using their approach, the gradient of a convected (and therefore
pressureless) potential ¢ is added to Goldstein’s original rotational
velocity. This pressureless potential has the form

¢ = (W) explj (K A+ Ko W + wt)] an
where
p J JPoo Voo G €08 Qoo (02 Ky — €1K3)
d(V) = -Z-
( ) K, {Cl + 27[(1 +ja(,K1)
2y
inf ——"———— 12
XS‘"[pwvacosszoo“ (12

where p,, is the upstream steady density, Vo, is the magnitude of
the upstream steady velocity, and £, is the upstream inflow angle.
The constant ay is equal to —dU /dn evaluated at the stagnation
point, where n is the distance from the surface of the airfoil along
the stagnation streamline. The quantity ¢ has been chosen so that
the rotational velocity is zero on the blade and wake surfaces. Con-
sequently, the unsteady rotational velocity can be calculated near
the blade and wake surfaces and the singularity in the divergence of
the rotational velocity on the blade and wake surfaces is integrable.
Finally, the x and y components of the (Atassi and Grzedzinski®)
rotational velocity can be written as

- . 3
yR = [(cl + K, ®)VA + <c2 +jK®+ ;T:)WJ]

x explj (K1 A + Ko W)l 13)

Having given the field equations describing the unsteady pertur-
bation flow, we now consider the boundary conditions. The com-
putational domain is composed of a single blade passage bounded
by five boundaries: the inflow, outflow, airfoil surface, upstream pe-
riodic, and downstream wake/periodic boundaries (see Fig. 1). On
the airfoil surface, the normal component of the velocity should be
zero. Since in the present formulation the rotational velocity is zero
on the airfoil and wake surfaces, the no through flow condition is
given by

Vé-n=0 (14)

Similarly, the wake boundaries may be considered no through flow
boundaries, but with the additional complication that the wake sur-
face undergoes unsteady oscillations. On each side of the wake, we
may write the no through flow condition as

5
Vé-n=jor+ Vo (15)
aT

where r is the unknown displacement of the wake normal to the
wake’s surface. To provide closure for the unsteady wake position
r, we apply the condition that the pressure be constant across the
wake, i.e.,

[p1=0 (16)

where [ .. .]] denotes the jump in the enclosed quantity across the
wake.

The original incident gust is assumed to be harmonic in the cir-
cumferential direction with circumferential wave number o/ G. The
unsteady response to this disturbance will therefore be periodic in
the circumferential direction with interblade phase angle o. Thus,
upstream of the airfoil and downstream, the complex periodicity
condition

$x,y+G) =¢(x,y)el an

is imposed.

Finally, at the upstream and downstream far-field boundaries,
nonreflecting boundary conditions are imposed to prevent spurious
reflections of outgoing potential and vorticity waves.!”

Numerical Solution Technique
Nominal Steady Flow Selver

Now that the governing equations and boundary conditions have
been developed, we outline the numerical solution procedure. First,
consider the calculation of the steady flow. If only the steady flow
potential & were required, then Eq. (3) could be discretized on
a computational grid and solved subject to appropriate boundary
conditions. However, for the unsteady flow calculations, we will
also require knowledge of the steady drift and stream functions. It
will be useful, therefore, to use a streamline computational grid—
that is, a computational grid that has grid lines coincident with the
streamlines (see Fig. 1). However, because the streamlines are not
known a priori, the location of the grid nodes must be computed as
part of the solution procedure.

To generate the computational grid, we use a modified elliptic grid
generation technique originally proposed by Thompson et al.'® The
x, y positions of the grid nodes are defined by the partial differential
equations

V2E =P (18)
ViH=20Q (19)

where P and Q are functions used to control the grid spacing. Lines
of constant = and H define the grid lines. We note that the conser-
vation of mass may be expressed as

VW = V& x VR (20)

Therefore, if we choose P = 0 and @ = V& x VR, then lines of
constant H will correspond to streamlines, provided the boundary
conditions around the computational domain are consistent with the
definition of the stream function.
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As a practical matter, we have found that the influence of the
V& x VR term in Eq. (20) is quite small, at least for the Mach num-
bers considered in this investigation. That is to say that by neglecting
this term, the computational grid lines will not be true streamlines.
However, if these quasistreamlines are then taken to be the actual
streamlines for the purpose of computing the drift function and rota-
tional velocity [see Eqgs. (9) and (13)], then the computed unsteady
potential is nearly identical to that computed using the exact stream-
lines. Therefore, for simplicity and computational efficiency, both
P and Q in Egs. (18) and (19) are taken to be zero.

Equations (18) and (19) may be inverted to obtain partial differ-
ential equations for the unknown grid node locations in terms of the
known computational coordinates E and W (or H), i.e.,

3%x 5%x 3%x ox
— 2ty = (VO X VR)—— (21
32 " ¥imew TV v ( e @D
3%y 3%y 3y 2 dy
22 2 LY (VP x VR (22
e " Pz T w VexVRzg @2
where
ax \ dy : dx dx dy dy
C C C C C C
““(aw) +<a\v)’ P=3230 Tz 0w

_ 0x 3y dx Jy

() +(2)
y=\=) t\s5]" == =
28 B dg ov QW IE
Additionally, we must impose boundary conditions around a single
blade passage (see Fig. 1). For example, we require that the grid lines
corresponding to the stagnation streamlines upstream (and down-
stream) of the reference airfoil meet the airfoil at the actual stag-
nation point (and trailing edge). Furthermore, the position of these
grid lines must be such that there is no flow through them.

The grid generation equations and associated boundary condi-
tions are discretized using finite difference operators. The resulting
set of nonlinear equations is of the form

M(®,X;5)=0 23)

where M is a vector of nonlinear functions, ® is a vector containing
the discrete approximation of the unknown steady potential & at all
of the computational nodes, and S is a prescribed vector containing
the set of points that define the airfoil shape.

The steady flow equation, Eq. (3), and the associated boundary
conditions are discretized using a variational principle and finite
element method developed by Hall.' In particular, we use four-
node isoparametric elements. The resulting discretized equations
are nonlinear in the unknowns ® and X and have the form

N(@,X;5) =0 (24)

In the present study, Eqs. (23) and (24) are solved simultaneously
using Newton iteration. The procedure is as follows. First, an initial
grid is generated and an initial estimate of the steady solution is
made (e.g., uniform flow). Then, we employ the Newton iteration
formula given by

aN N7
IS HE W
X X aM oM M

2% ox J,

where n denotes the current estimate of the solution and n + 1
denotes the new estimate. At each iteration, the matrix in Eq. (25) is
not actually inverted. Instead, we factor the Jacobian matrix using
lower-upper (LU) decomposition. The LU decomposition routine
that we use takes advantage of the block tridiagonal structure of
the matrix. Then we solve for the solution at iteration n + 1 using
one forward and one backward substitution. Typically, the Newton
iteration procedure converges in about five iterations, and the last
LU factors are saved for later use in the sensitivity analysis.

Once the steady flow solution and streamline grid have been ob-
tained, the drift and stream functions must be calculated. Because the

grid follows the streamlines, the drift function can be computed very
efficiently by discretizing Eq. (9) along streamlines. Furthermore,
by construction, each streamwise grid line has a known stream func-
tion value. The numerical estimates of the drift and stream functions
are stored for later use in the calculation of the unsteady flowfield.

Nominal Unsteady Flow Solver

Next, we consider the solution of the unsteady flow about the
cascade arising from interaction with an incident gust. To begin,
for a gust of a given frequency and interblade phase angle, we com-
pute the rotational velocity analytically at each of the computational
grid nodes using Eq. (13). We then discretize the linearized poten-
tial equation, Eq. (8), and its associated boundary conditions on the
streamline grid using Hall’s finite element procedure'® along with
extensions to include the inhomogeneous vortical term. The result-
ing discretized equations are linear matrix equations of the form

[Al{¢} = {b} (26)

where the matrix A and the vector b are functions of the mean flow
solution @, the location of the nodes of the computational grid X,
and the frequency w and interblade phase angle o of the incoming
gust. Equation (26) is solved using LU decomposition and again the
LU factors are saved for later use.

Note that the only unknowns in the vector ¢ are the perturbation
potential ¢ at each of the computational nodes, and the position r of
the wake at each of the nodes along the wake. Therefore, the number
of unknowns in Eq. (26) is approximately one-third the number of
unknowns in the discretized steady flow equations.

Once the unsteady potential has been computed, the linearized
Bernoulli equation, Eq. (6), is used to compute the unsteady pressure
on the surface of the airfoil and in the far field.

Steady Flow Sensitivity Analysis

In this section, we consider the effect of a small change in geome-
try on the steady flowfield. Consider again Egs. (23) and (24). If the
geometry is perturbed slightly, the perturbed solution will satisfy
the equations
N@®+® . X+X:S+S
) , ,) =0 @7

M@+P . X+X;5+5)

where the primed quantities are small perturbation quantities arising

from the perturbation in the geometry §’. Expanding Eq. (27) in a
Taylor series about the nominal solution gives

AN ON N ,
e 5)mf—l {Q/} = s - (28)
M M| |X M
7@ X st

The matrices IN/3P®,IN/3X,dM /3P, and IM /I X are large sparse
matrices that are determined by linearizing the vectors N and M
about the nominal geometry and steady flow. Computation of these
matrices is an inexpensive and straightforward process. In addition,
there are few entries in the right-hand side of Eq. (28) because only a
small number of computational nodes lie on the surface defined by S.

To solve for the unknown perturbations ®’ and X’, we rearrange
Eq. (28) slightly to obtain

aN ANV (oN

& — = s
__|3® x 3S (29)
X M M oM,
e 09X a8

Note the similarity of Eq. (29) to Eq. (25). The same matrix must
be factored to obtain the perturbed steady solution that was used in
the last iteration of the Newton solver. Therefore, since the factored
matrix has been saved from the nominal steady flow calculation,
the sensitivity quantities @ and X’ can be obtained for very little
additional computational work.
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Unsteady Flow Sensitivity Analysis

Having computed the change in the steady potential as a result of
a small change in geometry, we next consider the resulting change
in the unsteady potential. The solution of the unsteady flow problem
as a result of small changes in the geometry and frequency will be
of the form

[A@+® X+ X, 0+ )¢+ ¢}
= B(@+d X+X v+ w+0)) (30)

where ¢’ is the unknown sensitivity of the unsteady potential. Ex-
panding Eq. (30) in a perturbation series and collecting terms of
first order gives the desired equation for the unknown sensitivity
potential ¢, i.e.,

[ g [P [ 2]
Al = [ﬁ]Q +[8X]X +|:8v":|v

ab A, A, 0A
Pl — | L+ Lx 4 2y 31
+ [aw]“’ [a@ Tttt aw“’]d’ S

The matrices on the right-hand side of Eq. (31) are large sparse
matrices that can be obtained by linearizing the computer code that
assembles the matrix A and vector b. Note that X’ and &' have
already been obtained by solving Eq. (29). The perturbation of the
rotational velocity v¥ can be obtained by analytically perturbing
Eq. (9) and Egs. (11-13). Hence, the right-hand side of Eq. (31) is
known. Again, the computational effort required to solve for ¢’ is
insignificant because the matrix A has already been factored into
upper and lower triangular matrices when the nominal unsteady
solution ¢ was computed [Eq. (26)].

Steady and unsteady sensitivity analyses based on the techniques
described earlier are computationally very efficient. The computa-
tional time required to compute the sensitivity of the steady and
unsteady flows to changes in geometry is about an order of magni-
tude less than the time required to compute the nominal steady and
unsteady flows.

Computational Results

To demonstrate the capability of the present method, we analyze
in this section a cascade of EGVs typical of those found in mod-
ern high-bypass ratio fans. The nominal airfoil shape is a NACA
8508-65 profile. The ratio of the number of fan rotor blades to
EGVs, Ngo/Negy, is 0.4. In the computational results presented
next, lengths are nondimensjonalized by the EGV chord ¢, veloci-
ties by the upstream velocity V, frequencies by V., /c, pressures
bY Poo Voo Wy, lifts per unit span by o Voo woc, and moments per unit
span by p. Voo woc?. Here wy is the magnitude of the gust velocity
normal to the upstream streamlines. A wy equal to unity implies the
normal velocity would be unity at the leading edge of the reference
airfoil at time ¢ = 0 if the gust were not distorted. For the case con-
sidered here, the gap-to-chord ratio G is 1.0, the inlet Mach number
M, is 0.5, the inlet flow angle Q. is 30 deg, and the stagger angle
© is 16 deg. The wheel speed of the upstream rotor Vgo is 1.5.

Steady Flow Through a Fan EGV

First, we consider the steady flow through the EGVs. The steady
flow was computed using two different H-grids, a 65 x 25 node
grid (65 nodes in the streamwise direction and 25 nodes in the
normal direction), and a 129 x 49 node grid. Figure 2 shows the
nominal steady surface pressure P for this case. For comparison,
Fig. 2 also shows the grid-converged solution computed using an
Euler solver!! with a 512 x 65 node grid. The excellent agreement
between these three solutions is reassuring and indicates that the
steady flow computed using the potential analysis is grid converged.
Note that the flow is entirely subsonic.

Unsteady Flow Through a Fan EGV

Next, we consider the acoustic response as a result of viscous
wakes from the upstream fan impinging on the EGV. When viewed
in the EGV frame of reference, the wake excitation has temporal
frequencies w, = 271 Vro/ Groi, Where Vi is the wheel speed of

NACA 8508-65

]
(2]
a a Present Method, 65 x 25 grid
Present Method, 129 x 49 grid
- — Linearized Euler, 512 x 65 grid
(3]

Pressure

Steady Surface Pressure, P

Suction

0.0 0.2 0.4 0.6 0.8 1.0
Distance Along Chord, x/c

2.5

Fig. 2 Steady surface pressure for cascade of NACA 8508-65 EGVs:
© =16 deg, Qo = 30 deg, M, = 0.5, and G = 1.0.

the fan, Gg. is the blade-to-blade gap of the rotor, and # takes on all
integer values. The corresponding interblade phase angles are 0, =
—2anGggv/ Gra- The BPF corresponds to n = 1 (w; = 3.77 and
o1 = —144 deg). At this frequency of excitation, acoustic resonance
occurs at interblade phase angles o of —93.8 and +165.8 deg up-
stream and —113.0 and +121.9 deg downstream. Thus, the acoustic
response of this cascade to excitations at 1 x BPF is cut off; i.e., the
unsteady pressure decays exponentially away from the EGVs. How-
ever, for excitations at 2 x BPF (w, = 7.54 and o, = —288 deg),
acoustic resonance occurs at interblade phase angles o of —187.5
and +331.5 deg upstream and —225.9 and +243.8 deg down-
stream. Therefore, a single acoustic mode with interblade phase an-
gle o = +72 deg is cut on in the upstream and downstream regions.
Furthermore, the interblade phase angles of the remaining cutoff
modes are well separated from the acoustic resonance conditions.

In the following, we consider the acoustic response of the EGV to
a 2 x BPF vortical gust with unit amplitude. A unit amplitude gust
is one in which the magnitude of the perturbation velocity normal to
the upstream flow direction would be unity at the leading edge of the
airfoil if the steady flow were uniform and undeflected by the EGV.
The real and imaginary parts of the unsteady surface pressure com-
puted using the present analysis, with two different grid resolutions,
are shown in Fig. 3. Note that the coarse and fine grid solutions are
nearly identical, indicating that the 129 x 49 grid is sufficiently fine
to resolve the acoustic behavior of the EGV, at least up to 2 x BPE.
Also shown for comparison is the pressure distribution computed
using the linearized Euler analysis of Hall and Clark!! with a 512
x 65 node H-grid. The agreement between the Euler analysis and
the present potential/rapid distortion theory is remarkably good, es-
pecially considering the high reduced frequency (w = 7.54). These
results demonstrate that the rapid distortion theory has been cor-
rectly implemented and that sufficient grid resolution has been used
to model unsteady wave propagation.

Figure 4 shows a snapshot of contours of the unsteady perturba-
tion pressure at a given instant in time, + = 0 (for this calculation,
an extended computational grid is used to more clearly show the
outgoing pressure waves). Note the pressure waves radiating away
from the cascade upstream and downstream of the cascade. In both
the upstream and downstream regions, a single acoustic wave with
interblade phase angle of 72 deg is cut on. Also, one observes that
the unsteady pressure is somewhat larger in the downstream region
than in the upstream region. This is seen more clearly in Fig. 5,
which shows contours of the magnitude of the unsteady pressure.
The unsteady pressure in the upstream and downstream far-field re-
gions was Fourier transformed in the circumferential direction to
determine the magnitude of the single cut-on pressure wave up-
stream and downstream. For this case, the magnitude of the cut-on
unsteady pressure wave (for a unit strength gust) is 0.102 upstream
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Table 1 Change in steady and unsteady flow quantities as a result of unit perturbations in 10 design variables

Unsteady flow
Steady flow Unconstrained Constrained
Design variable L;; L D’ M]/_,E lPupI’ | Pdown / lpup |’ [Paownl’
Thickness 0.0289 0.0284 0.0059 0.1751 —0.8985 02494  —0.9447 0.3099
Maximum thickness location 0.0084 0.0082 00017 -0.0164 0.0084 0.0082  —0.0810 0.1161
Camber 1.9254 1.8941 03799  —1.6300 0.4441 ~1.4103  —6.0899 6.5867
Maximum camber location 0.1991 0.1959 00394 -02154 —0.1312 0.1224 0.1023  —0.0953
Leading-edge radius 0.0000 0.0000 0.0000  —0.0001 0.0023 0.0023 0.0023 0.0023
Stagger —0.7558  —0.7266 0.2448 0.0392  —0.3471 0.5910 —_— —
Gap 0.3008 03220  —0.0313  —-0.1123 13244  —1.6624 1.4421 —1.8163
Reflex —22190  -2.1827  —0.4387 2.4383 1.8692  —1.5834 —_— —_
Frequency — _— —_— _ 0.1696  —0.2830 0.1696  —0.2830
Interblade phase angle o —_— —_ —_— —0.0822 0.0222  —0.0822 0.0222

NACA 8508-65

Pressure

Suction

Present Method, 65 x 25 grid
Present Method, 129 x 49 grid
Linearized Euler, 512 x 65 grid

o L 1 L !

Real Unsteady Surface Pressure, Re[p]

Pressure

Suction

Imaginary Unsteady Surface Pressure, Im(p]
0

0.4 0.6
Distance Along Chord, x/c

0.2 0.8 1.0

Fig.3 Unsteady surface pressure for cascade of NACA 8508-65 EGVs
as a result of incoming vortical gust at 2 X BPF: w = 7.54and o = —288
deg.

and 0.249 downstream. That is, pyp/(Peo Vo) = 0.102, where
Pup is the magnitude of the upstream pressure wave, po is the up-
siream density, V,, is the upstream relative velocity, and wy is the
gust amplitude.

Sensitivity Analysis

Next, we compute the change in the steady and unsteady aerody-
namic behavior and acoustic response as a result of small changes in
the EGV geometry. The steady sensitivity analysis was performed
using eight different design variables. Five of these variables cor-
respond to the modified NACA definition parameters: thickness,
maximum thickness location, camber, maximum camber location,
and leading-edge radius. Two design variables define the placement
of the airfoils in the cascade: the blade-to-blade gap G and stagger
angle ©. The final design variable is the reflex. For each unit of

Fig. 4 Contours of instantaneous unsteady pressure for cascade of
NACA 8508-65 EGVs as a result of incoming vortical gust at 2 X BPF:
w = 7.54 and o = —288 deg. Note: extended computational grid used
for clarity.

reflex, one adds to the height of the mean line ¢ sin(2m x/¢), where
x is now the distance along the airfoil chord.

Using the steady sensitivity analysis outlined in the previous sec-
tion, we computed the sensitivity of the lift, drag, and moment to
changes in the design variables. These results are given in Table 1.
The lift and drag are measured normal to and along the chord, and
the moment is taken about the leading edge. Also given is the lift L,
in the circumferential direction; L is a measure to the steady work
done by the cascade. For example, Table 1 indicates that the sensi-
tivity of the nondimensional lift in the circumferential direction to
a unit change in camber is 1.9254. Thus, increasing the camber by
3% of the chord will increase the nondimensional circumferential
lift L, by 0.0578.

Table 1 shows that the steady work is most sensitive to changes in
camber, reflex, and stagger angle. This is not too surprising because
these parameters affect the trailing-edge metal angle of the airfoil
and hence the turning (work). On the other hand, the steady turning is
relatively insensitive to changes in the maximum thickness location
and the size of the leading-edge radius.

Next, we computed the sensitivities of the unsteady pressure to
small changes in the design variables for the 2 x BPF case. In ad-
dition to the eight design variables described earlier, we include the
frequency w and interblade phase angle o of the excitation. Figure 6
shows the real and imaginary parts, respectively, of the sensitivity
of the unsteady surface pressure to changes in five of these design
variables. Also shown for comparison are the sensitivities calculated
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Fig. 5 Contours of magnitude of unsteady pressure for cascade of
NACA 8508-65 EGVs as a result of incoming vortical gust at 2 X BPF:
w =754 and o = —288 deg.

using a finite difference approach, i.e., the difference of the pres-
sures calculated using the nominal analysis on two slightly different
airfoils normalized by the difference in geometry. The nearly exact
agreement between the two methods demonstrates that the present
sensitivity analysis has been formulated correctly.

Of particular interest in aeroacoustic applications is the influence
of the blade shape on the sound radiated upstream and downstream of
the EGV. The sensitivity of the magnitude of the cut-on propagating
pressure waves to changes in the design variables is givenin Table 1.
The label “Unconstrained” indicates that each of the design variables
is perturbed independently. As an example, the nominal (nondimen-
sional) downstream going pressure wave has a magnitude of 0.249.
According to Table 1, the sensitivity of the downstream pressure
wave to camber is —1.4103. Hence, increasing the camber by 3%
will reduce the nondimensional pressure by 0.0423 or 1.62 dB.

Note that changing the camber also changes the steady work done
by the cascade. As a practical matter, if one were redesigning the
EGV for reduced noise, one would hold the turning done by the
cascade (that is the total work done) fixed to a prescribed value.
Also, the steady incidence angle should not change significantly.
Thus, we have computed the constrained sensitivity. Each of the
design variables is perturbed as before, but the stagger angle and
reflex are allowed to float to satisfy the constraints that the steady
work and incidence angles remain fixed. Further details of the con-
straint procedure are given in Ref. 14. Examining the “Constrained”
columns in Table 1, we see, for example, that increasing the cam-
ber now increases the magnitude of the upstream pressure wave
and decreases the magnitude of the downstream pressure wave. The
constrained sensitivity is 6.587. Hence, increasing the camber by
3% would increase the pressure by 0.198 or 5.07 dB. Both the gap
G and camber are seen to have a strong influence on the strength of
the outgoing acoustic waves, although large changes in the gap are
aerodynamically more feasible than large changes in camber.

Redesign of an EGV for Reduced Acoustic Response

Next, we used the constrained sensitivities to guide the redesign
of the EGV to reduce the sound pressure levels in the downstream
region. As previously noted, the camber and gap strongly influence
the outgoing pressure waves. Therefore, to reduce the downstream
pressure wave, we increase the blade-to-blade gap by 0.1 and de-
crease the camber by 0.0025. To satisfy the turning and incidence
constraints, we must also reduce the stagger angle ® by 2.23 deg
and add 0.0078 units of reflex. Also note that the interblade phase
angle o is decreased from —288 to —317 deg because the interblade
phase angle is proportional to the gap. For these design changes, the
sensitivity analysis (see Table 1) predicts that the downstream pres-
sure wave will be reduced by 13.8 dB.
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Fig.6 Sensitivity of unsteady surface pressure on NACA 8508-65EGVs
as a result of perturbations in thickness, camber, stagger, gap, and re-
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surface.
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Fig.7 Steady surface pressure for cascade of redesigned EGVs: M, =
0.5 and Q2 = 30 deg.

Figure 7 shows the nominal and redesigned airfoils and their re-
spective steady surface pressure distributions. The redesigned pres-
sure distribution was computed in two ways: first by linear extrapo-
lation using the design sensitivities and second using the nonlinear
steady flow analysis with the actual redesigned airfoil geometry.
The good agreement between the two techniques shows that the
present steady sensitivity analysis is valid for moderate changes in
geometry. Also, one can see in Fig. 7 that the net lift has increased to
account for the additional steady work done by each blade because
of the increase in blade-to-blade gap.

Figure 8 shows the real and imaginary parts of the unsteady sur-
face pressure for the nominal and redesigned cascade. Note that
although the sensitivity analysis correctly predicts the trends of the
unsteady pressure distribution of the redesigned EGV, there are some
significant differences in the details. The reason for this difference
can be demonstrated by examining the effect of the size of the de-
sign change. Let us define the design change made here to be a unit
change. Figure 9 shows the predicted change in the upstream and
downstream sound pressure levels a function of the amplitude of the
design change. For small amplitude changes, the sensitivity analy-
sis is seen to be in excellent agreement with the solution computed
using the nominal flow solvers with the modified airfoil. However,
for design changes near unity, the agreement between the predicted
sound pressure levels and the actual sound pressure levels is not as
good. These differences are a result of nonlinear effects, that is, ef-
fects that to leading order go like the square of the amplitude of the
design change. Nevertheless, the sensitivity analysis still gives at
least a qualitative prediction of the change in the unsteady pressure
distribution on the airfoil and the sound pressure levels in the far

field.

Figure 10 shows the unsteady pressure contours for the redesigned
cascade. Comparing it with Fig. 5, we note that the downstream
pressure levels have been substantially reduced, although the up-
stream pressure levels have been increased. The magnitude of the
downstream pressure wave was reduced about 60%, from 0.249 to
0.099. In acoustic terms, the sound pressure level (SPL) is reduced
by 8.0 dB. Upstream, the magnitude of the unsteady pressure is
increased from 0.102 to 0.209, an increase of 6.2 dB in the SPL.
Looking at the “Unconstrained” columns in Table 1, a change in a
design variable usually reduces the magnitude of the noise on one
side of the cascade but increases the magnitude of the noise on the
other side. Thus, it is difficult-in this case to simultaneously reduce
the radiated noise both upstream and downstream. We cannot say
with certainty why this should be, but we can speculate. A vortical
gust carries energy toward the cascade. Energy is carried away from
the cascade in the form of vorticity in the field and wake and as
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Fig. 8 Real and imaginary parts of unsteady surface pressure for re-
designed EG Vs as a result of incident vortical gust at 2 X BPF: w = 7.54
and o = —317 deg.
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Fig.9 Accuracy of sensitivity analysis for various perturbation ampli-
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acoustical energy (pressure waves). Changing the geometry of the
cascade is likely to have three effects. First, geometry changes may
decrease or increase the energy extracted from the incoming gust.
Second, the form of the outgoing energy may be modified; i.e., some
of the energy may be converted to shed vorticity instead of acoustic
waves. Third, the downstream acoustic energy may be reduced by
increasing the upstream acoustic energy. It is thought that the latter
is the dominant mechanism at work. Such changes in directivity
rely strongly on constructive and destructive interference arising
from noncompact acoustic sources. Thus, designs that significantly
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Fig. 10 Contours of magnitude of unsteady pressure for cascade of
redesigned EGVs as a result of incoming vortical gust at 2 X BPF: w =
7.54 and o = —317 deg.

reduce the noise generated in the downstream region will not neces-
sarily reduce the amplitude of the unsteady blade loads but instead
may redistribute the unsteady pressure distribution.

Nor is it immediately obvious why in this case increasing the gap
should decrease the aft radiating SPL.. In fact, we have found that, at
an inflow Mach number M, of 0.3, the SPL in the downstream re-
gion is increased with increasing gap. The frequency of excitation is
quite high (w = 7.54), resulting in short wavelength pressure waves.
Said another way, the airfoils cannot be considered compact acous-
tic sources, and therefore constructive and destructive interference
effects because of changes in the unsteady pressure distribution on
the EGV surface are significant. Thus, it is difficult to sort out intu-
itively or through simple heuristic models why at a Mach number
of 0.5 increasing the gap decreases the noise, and at a Mach num-
ber of 0.3 the noise is increased. This is precisely why the present
sensitivity analysis is useful: it provides an efficient and systematic
way to model the effects of design changes on tonal noise.

Computational Efficiency

Finally, a note about the computational speed of the present
method. All computations presented in this paper were carried out
on a Silicon Graphics Indigo R4400. The nominal steady flow cal-
culation required 837 s of CPU time, whereas the nominal unsteady
computation required 12.8 s. For a single design variable, the steady
sensitivity analysis required 3.6 s and the unsteady sensitivity anal-
ysis required 6.1 s. Consequently, for the 8 steady and 10 unsteady
design variables considered here, the steady sensitivity analysis took
28.8 s of CPU time, whereas the unsteady sensitivity analysis took
61.0 s. For comparison, computing the sensitivity analysis using
a finite difference approach would require 13,394 s for the steady
calculation and 256 s for the unsteady calculation.

Concluding Remarks

In this paper, a method for calculating the sensitivity of the aeroa-
coustic response of a cascade to small changes in airfoil and cascade
geometry is presented. The steady and small disturbance unsteady
flow through the cascade are modeled using the steady and linearized
versions of the full potential equation along with rapid distortion
theory to model the effect of incident vortical gusts. A variational
finite element technique is used to discretize the steady and unsteady
flow equations. The discretized steady equations are solved using
Newton iteration with LU decomposition. The discretized small dis-
turbances are solved using a single LU decomposition.

The sensitivities of the steady and unsteady flow to changes
in design variables are computed in a straightforward fashion by

expanding the steady and unsteady flow equations in perturbation
series and collecting terms of equal order. The resulting equations
for the sensitivities can be solved very efficiently by performing one
forward and one back substitution for each design variable using the
LU factors obtained from the nominal solutions.

The present sensitivity analysis was used to redesign a typical
two-dimensional fan EGV for reduced downstream sound pressure
levels. Using this method, a modest but significant 8.0-dB reduc-
tion in the magnitude of the sound pressure level in the duct was
obtained, but with an accompanying 6.2-dB increase in the sound
pressure level upstream. It is likely that such zero sum changes in
the sound pressure levels are a result of the limitations imposed by
two-dimensionality; that is, the main effect of the design changes
is to redistribute acoustic sources on the airfoil surface to produce
destructive interference downstream while simultaneously produc-
ing constructive interference upstream. Efforts are under way to
extend the method to three-dimensional blade rows. It is expected
that much larger reductions in sound pressure level both upstream
and downstream will be possible by altering the circumferential and
axial stacking of the EGVs to redistribute the acoustic sources on
the airfoil surface so as to shift the acoustic response from low-order
radial duct modes, which are cut on, to high-order radial duct modes,
which are cut off.

Finally, it should be emphasized that the present analysis is not a
complete noise prediction method; a complete system would include
an aft fan duct noise radiation analysis, which models the behavior
of acoustic waves as they exit the fan of the engine and interact
with the jet, nacelle, and exterior freestream. Nevertheless, because
the acoustic problem is linear, reducing the magnitude of the prop-
agating duct modes will generally reduce the radiated sound cor-
responding to the circumferential mode order by a similar amount.
Moreover, the sensitivity analysis described in this paper is quite
general and could be easily applied to an aft fan duct noise radiation
model.
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